It has been found that there is a close relationship between the popularization of electric vehicles and the deployment of the charging facilities, which provides either positive or negative feedback. Given the existence of the double feedback mechanism, namely the indirect network effects, we aim to quantify it by means of empirical research and mathematical modeling. We start with the decision equations, which consist of the consumer's adoption decision equation and the charging-pile operator's entrance decision equation. We quantify the influence process by analyzing the equilibrium state and critical equilibrium point. Compared with the general situation in which the scale of the charging piles is decided by the number of electric vehicles, we find that the decision that takes the indirect network effects into consideration has a great positive impact on the popularization of electric vehicles. Our findings shed light on the formulation of incentive policy and the charging-pile operator's decision-making. We also apply location theory to address the issue of charging-pile points layout in practice.
Introduction
The extensive use of automobiles causes an enormous drain on petroleum, a fast depleting energy resource, and is a major source of air pollution, causing global warming. As a country with a huge population of automobile users, China is now facing the dual problems of an increasing shortage of petroleum and serious deterioration of the ecological environment. Motor vehicle exhaust has become one of the major culprits for the worsening hazy weather in China, which has spread to over 30 provinces. Given that electricity, the energy source for electric vehicles, is cleaner than petroleum, there is a broad consensus that popularizing electric vehicles is an important measure to save energy and reduce carbon emissions. In view of their ability to fulfil the dual objectives of resource conservation and environmental protection, electric vehicles have become an ideal alternative to fossil-fuel consuming motor vehicles.
As a new technology, electric vehicles face several significant barriers to their popularization, which include limited driving range, long charging time, and a lack of infrastructure for charging and swapping batteries. Since the technology is becoming mature, the unavailability of a convenient network of charging and swapping stations has become the biggest obstacle to the adoption of electric vehicles, which causes great inconvenience to the users. Well aware of this bottleneck, Tesla, the world's most successful electric vehicles manufacturer, has planned to build an extensive network of charging and swapping stations and service centres in the US. It is clear that technology alone is not enough to transform the traditional energy economy into the clean energy economy. Just like the invention of the light bulb, the kerosene lighting industry could not be replaced until the completion of the electricity distribution network. The development of the electric vehicles industry will follow this path and requires the existence of an effective network of charging and swapping stations to realize its full potential.
At present, China has accorded high priority to policy and provided considerable funding to facilitate the popularization of electric vehicles, such as production access, demonstration and popularization, financial subsidies, tax relief, technological innovation, and other aspects of support, but the expected outcome has not happened. The main reason is an overlooking of the indirect network effects between electric vehicles and charging infrastructure, which is the typical "chicken and egg" problem, and also an endogenous dynamic system. The indirect network effects refer to the correlation between the demands for basic and ancillary products, i.e., the demand for a basic product is affected by the quantity and quality of utility of a complementary product . We consider in this paper such a phenomenon by analysing the market development of electric vehicles, producing findings that shed light on the formulation of incentive policy and the charging-pile operator's decision-making.
We also apply location theory to address the issue of charging-pile points layout in practice. We focus on the charging-pile points, which are smarter and require less 
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space than charging stations. In previous studies, the charging need occurring in a city is labelled as point need, and the need occurring between the cities is called path need. We consider that such a classification is unreasonable because for drivers of electric vehicles, point need and path need are simultaneous. So we treat the two needs as a whole with a view to maximize the number of serviced vehicles.
Literature Review
The interdependence between the demand for a primary good and the supply of a complementary good is known as the indirect network effects. The diffusion of technologies characterized with the indirect network effects has been the subject of considerable research dating back to the early theoretical studies by Rohlfs (1974) , Katz and Shapiro (1985 , 1986 ), and Farrell and Saloner (1985 . At present, the related research can be divided into two streams: one concerns product diffusion and competition strategy (Mazumdar et al., 2003; Church and Gandal, 2012; Markovich, 2008 ) the other focuses on verification of the existence of the indirect network effects in a certain industry, such as the TV industry (Livingston et al., 2013) , software industry (Srinivasan and Venkatraman, 2010) , and smart phone industry (Lee and Lee, 2014) .
In the electric-vehicle market, research on indirect network effects has not been fully pursued, which is mainly empirical in nature and based on questionnaire surveys. demonstrated the indirect network effects between electric vehicles, and charging and switching facilities, and simulated the balance under different market scale. Considering the indirect network effects, studied the impacts of policies on the popularity of electric vehicles. Both studies adopt the modeling approach, which we follow in this paper. Starting with the decision equation of participants, we analyse the generation mechanism of the indirect network effects and the characteristics of the equilibrium points. In the construction of the decision equations, we take the character of Beijing into full consideration whereby we treat the success rate of licence-plate lottery, the city's innovation, as a parameter. Lim et al. (2015) studied the impacts of two major barriers to the mass adoption of electric vehicles, namely range anxiety and re-sale anxiety. The first anxiety is caused by consumers' concern that the driving ranges of electric vehicles may be insufficient to meet their driving needs, which has a direct relation with the charging facilities.
Given that popularizing electric vehicles is in the nascent stage of development, existing research is far from systematic and comprehensive, and the extant research findings are not rich and deep enough to address the fundamental issues facing policy makers and consumers. Specifically, the existing quantitative research mainly focuses on developing comprehensive evaluation methods. There is an apparent lack of applying rigorous mathematical modeling and developing solution algorithms to address the problem. There is much scope to apply such potent quantitative methods as the location-inventory model (Daskin et al., 2002; Shen et al., 2003; 1950007- Mak et al., 2013; Shu et al., 2005) and flow-refuelling model (Capar et al., 2012; Kim and Kuby, 2013; Lim, 2005, 2007; Kuby et al., 2009 ) studied the Charging Station Placement Problem (CSPP), taking into consideration (i) electricvehicle drivers' strategic behaviors to minimize their charging cost, and (ii) the mutual impacts of electric-vehicle drivers' strategies on the traffic conditions of the road network and service quality of the charging stations. Tang et al. (2017) showed that priority is not a factor affecting the location of electric-vehicle charging stations and that mileage, electric-vehicle distribution, and passenger distribution are factors affecting the location of electric-vehicle charging stations, with exogenous variables such as the type of circuit and voltage given as constants.
Equilibrium State Analysis of the Indirect Network Effects
In this section, following , we consider consumers' and investors' decisions in the electric-vehicle market, consumers will decide whether to buy electric vehicles and investors will decide whether to build charging piles, and suppose that there are indirect network effects in this market according to .
Consumers adoption equation
In the electric-vehicle market, consumer's utility is assumed to depend on the price of an electric vehicle, the number of charging piles, and the incentive policy of the government. If the consumer makes the purchase decision at time t, based on , his/her utility is assumed as
where P t is the price of an electric vehicle, θ(θ ∈ [θ,θ]) is the consumer's preference parameter, N t is the number of charging piles, B t is the incentive policy adopted by the government to facilitate the development of electric vehicles, instead of price subsidies, e.g., more available license plates, free of driving restrictions for electric vehicles, µ(N t , B t ) is the instantaneous utility function in N t and B t . We denote by G(θ) the number of consumers whose preference parameters are in [0,θ] such that G(θ) = M , where M is the number of potential consumers in the electric-vehicle market. Following , we also assume that θ follows a distribution with a smooth pdf g(.) and cdf G(.) in the interval [θ,θ] . When a consumer will buy an electric vehicle mainly depends on their preference parameter. In this paper, we measure the success rates of licence-plate lottery for fuel and electric vehicles. δ is the discount factor, which is the same for the consumers and charging-pile operator. 
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Similarly, when the consumer makes the purchase decision at time t + 1, based on , his/her utility is
Letting θ t denote the consumer that has no difference in preference in making the purchase decision at t and t + 1, we equate (1) and (2) to yield
Taking the natural logarithms on both sides, we obtain
In order to conduct a quantitative analysis of the model in the following, we need to specify the specific form of the function. So we assume that
t . Recognizing that electric vehicles are durable goods, the cumulative sale of electric vehicles at time t is
where
. ω 1 is the noisy feature set, and M − Q t is the scale of the remaining market.
Charging-pile operator entrance decision equation
For the charging-pile operator j, the charging behavior can bring profit for the enterprise. At time t, its demand is a comprehensive decision determined by the charging unit price p n . The demand of each user for the electric vehicle is
, in which N t is the number of charging piles at time t, p n (N t ) is the charging price of charging pile n (n ∈ 1, 2, . . . , N t ), and f is the marginal cost. Based on the common competition model, we make the following assumptions: the marginal cost of a charging pile is fixed and the benefit function is quasi-concave in p n . It can be inferred that all the charging facilities will receive a unified price p(N ) in equilibrium (Li and Tong, 2015) . It is evident that the equilibrium price p(N ) is a decreasing function of N . Obviously, the benefit to each consumer is
Regarding the entrance decision of the charging-pile operator, to enter the market at time t incurs the investment cost F t to put in place the infrastructure. Thus the total revenues at t and t + 1 are respectively In a free-entry equilibrium market, the charging-pile operator has no difference in the two stages of the entry decision, so the revenue and cost during the time of waiting should be equal, i.e., F t − δF t+1 = Q t π(N t ). Similarly, to facilitate subsequent calculations, we assume that the specific function is as follows: π(N t ) = λ 3 N η3 t . So we can conclude that the model after taking logarithm and simplification is as follows:
where α 0 = −ln λ 3 /η 3 , α 1 = 1/η 3 , α 2 = −1/η 3 , and ω 2 is the noisy feature set.
Equilibrium state analysis
In the market with the indirect network effects, the decision of one participant is related to the behavior of the other party, which is known as the "chicken and egg" relationship. As the feedback mechanism is not unlimited, there are multiple equilibrium states. Caillaud and Jullien (2003) proposed that in such a market, there is a critical point that is of great significance for the promotion of a new product as follows: In the promotion phase, if the market does not exceed the critical point, the product is doomed to ultimate failure. In this paper we ascertain the critical point in the electric-vehicle market, and provide theoretical and practical insights on the promotion of electric vehicles. To analyse the equilibrium state, we combine the two decision equations as follows:
where ϕ(
Noting that the right-hand side (RHS) of the above equation is a constant, we analyse the left-hand side (LHS) of the equation, and find its first and second derivatives with respect to Q t as follows:
To determine whether β 2 α 2 is positive or negative, we consider ϕ(Q t ), which is expressed in logarithmic residual market capacity, rather than cumulative sales, so the function decreases with the number of electric-vehicle charging piles, i.e., β 2 is negative, which we will verify in the case analysis section. Similarly, by Eq. (8), we know α 2 is negative. So both the first and second derivatives of the function are negative, implying ϕ(Q t ) is a convex function, which attains the maximum value of ϕ( (9) is greater than ϕ(Q * t ), i.e., it is located on Line 1 in Fig. 1 , there is no equilibrium point except the point O. This situation occurs when the market size of electric vehicles is too small or the price and investment cost are too high. When the RHS of Eq. (9) is equal to ϕ(Q * t ), i.e., it is located on Line 2, there are two equilibrium points, namely O and Q a . When the RHS of Eq. (9) is less ϕ(Q * t ), i.e., it is located on Line 3, there are three equilibrium points, namely O, Q b , and Q c . This situation occurs when the electric-vehicle market has begun to take shape or the price and investment cost are relatively low. In this study we focus on the case where there are three equilibrium points, characterised by the following situation:
The existing literature has shown that when there are three equilibrium points, only exceeding the second point, i.e., B in Fig. 1 , will the electric-vehicle and charging piles markets form positive feedback. In the development of the electric vehicles, whether there are three equilibrium points is decided by P , F , and B, where P is the price of an electric vehicle and F is the cost of a charging pile, both of which are known, while the incentive measure B is unknown. When discussing the development trend of electric vehicles, we determine the value of the incentive policy B by the equilibrium condition, which provides reference for the parties concerned to formulate relevant policies. In addition, we compare the general situation with the situation that takes the indirect network effects into consideration to analyze the market development of the electric vehicles. 
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Locating and Sizing for the Charging Piles Point
Description of problem
In view of the distance constraints, the user of an electric vehicle is much easier to suffer from range anxiety. Other than installing charging stations, installing charging-pile points is much smarter and less costly, which is a more effective means for the development of the electric vehicles. In this section we study the location of charging-pile points, recognizing that the number of charging piles at each point is related to the number of serviced electric vehicles. At present, most researchers treat the demand for charging occurring in a city as point demand and regard the demand between cities as path demand. Such a demand classification method cannot fully meet the actual demand. So we assume that there are two kinds of demand in the city, which we comprehensively consider in the process of locating and sizing of the charging-pile points. The corresponding covering problem concerns the optimal location of the service stations, which are pertinent to the network design of charging and swapping stations. Under the condition of limited resources, the objective of the covering problem is to satisfy the majority of the demand points, rather than all of the demands. The maximum covering model addresses this issue.
Given a fixed number of service stations, the objective function and constraint conditions are as follows (Daskin, 2013) :
In the above model, i is a demand point, j is a candidate site location, d i is the demand at node i, and x j and z i are 0-1 variables. x j is a location variable such that x j = 1 if one facility is located at node j; otherwise, x j = 0. z i is a covering variable such that z i = 1 if node i is covered; otherwise, z i = 0. The objective function is to maximize the number of covered demand. The first constraint requires that the demand at node i cannot be covered unless at least one of the facility sites that cover node i is selected. The second constraint stipulates that no more than p facilities will be located. This basic model provides reference for the model set for point demand. 
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For electric vehicles commuting between cities, the charging demand occurs in a path rather than at a point. In view of this observation, we adopt the flow-capturing location model (FCLM) as the initial method to solve the problem. Essentially, a flow-based maximal covering problem that locates p facilities to maximize the flow volume captured or intercepted by a facility anywhere along the path of the flow can be formulated as follows (Hodgson, 1990) :
In the above model, f r denotes the demand in a path, x j is a location variable, and y r is a flow-capturing variable, both of which are 0-1 variables. y r = 1 if f r is captured; otherwise, y r = 0. The first constraint is to locate p facilities and the second constraint requires that the flow in path r can be captured only if there is at least one facility in path r. Given the existence of the two kinds of demand, we use the basic model for reference.
Model specification
Taking the two kinds of demand into consideration, we construct a location model and, based on the results of the location, we analyze the number of charging piles at each point, which is related to the demand.
Before modeling, we introduce the model parameters and variables as follows:
• i = the demand point set,
• p = the path set, 
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• l ij = the distance between i and j, and • s = the acceptable distance of the owner to meet a point demand.
Based on the covering model and FCLM, we build a locating model including point and path demands. In this model, the objective function is to cover the maximum number of electric vehicles, and X j and X k are the decision variables. Specifically, the model is as follows:
s.t.
In the above model, Eq. (10) is the objective function, which seeks to find the maximum number of covered electric vehicles. Equations (11) and (12) restrain the number of charging-pile points, which is related to the service radius. Equations (13) and (14) mean that only if a candidate point is selected can it provide the charging service. Equation (15) provides the constraint condition to check whether j could meet the demand at point i.
After confirming the locations of the charging-pile points, we analyse the number of charing piles at each point, which is determined by the number of electric vehicles.
Note that
where N tm is the total number of charging piles at time t, which is a result of the indirect network effects, and n j and n k are the numbers of charging piles at the corresponding points and paths. N tm varies in each period, which affects the size of each point. We apply Lingo to solve this problem and analyse the changes in different situations. 
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Case Study
Case description
As a pilot city to promote electric vehicles, China's capital Beijing is the pacemaker in the process of developing the electric-vehicle market. According to the annual sales data released by the Industrial Research Institute and the system of passenger quota management in Beijing, we can determine the monthly cumulative sale of electric vehicles between 2013 and 2016. In addition, we use the success rate of the license-plate lottery to represent the incentive policy B t . For the monthly data on charging piles, we obtain part of the total number of charging piles in Beijing and assume that the growth is arithmetic. The price of electric vehicles is mainly determined by the sale price and the amount of subsidy offered by the government. According to the subsidy policy, we focus on the price change of the electric vehicle with a sale price of RMB $250,000 and a range of 200 km. We set the charging-pile investment cost at RMB $60,000 in general, and because of technology, subsidies, and other reasons, we assume that the cost declines at an annual rate of 5%. As of June 2016, the number of registered electric vehicles in Beijing was 5.44 million. We suppose that the market sizes of electric vehicles and fuel vehicles are equal, so the potential consumers are set to 2.72 million. In recent years, the inflation rate hovered around 10%, so we assume that the value of δ as 0.9.
We use the software Eviews to regress the decision equation, producing the results in Table 1 and Table 2 According to the parameter values, the equilibrium condition reduces to 14.99332 − 0.01063 ln(P t − 0.
We analyze the development of the electric-vehicle market in 2017, in which the subsidy price policy was introduced. According to the equilibrium conditions, because β 3 < 0, we assume that the value of β t is the smallest integer in the feasible range. Table 3 reports the critical value of the incentive policy β t and the results. In the first three stages, β t is the same as the price and cost remain the same, while S. Tian, G. Hua & T. C. E. Cheng in the fourth phase, due to changes in the cost in the next quarter, β t is reduced. In fact, due to technical and other reasons, the cost of a charging pile declines over time, so the government needs to offer a lesser incentive to achieve the balanced state.
Locating and sizing of charing-pile points in Haidian district
To address the location issue of the charing-pile points, selecting candidate points in Beijing is a complicated task, so we focus on Haidian district, which is a region in Beijing, in which the parameters for the indirect network effects are also applicable.
In the general situation, the charging-pile operator determines the number of charging piles according to the number of electric vehicles. When considering the indirect network effects, the operator will compare the general situation with the critical equilibrium to first determine the number of charging piles, and then select a larger number as the decision. Through the four iterations of decision-making in 2017, we estimate the electric-vehicle market and changes in the charging-pile market situation.
At present, the existing electric-vehicle population in Haidian district is 10,566, and the number of public charging piles is about 790. In the general situation, the charging-pile operator will first decide the number of charing piles, which will affect the purchase of electric vehicles in the next stage. After four iterations of decision-making, we derive the results in Table 4 . When the charging-pile operator considers the indirect network effects, the number of charging piles is 1,117. To avoid no changes in the decision-making process, we set an increase in range at 10 and find the results of four iterations of decisionmaking in Table 5 .
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To facilitate computation, we put the map of Haidian district into Matlab. Based on the setting of the service radius, we confirm that the number of charging-pile points is 75 out of 100 candidate points. After calculation, we derive the specific results of the location and sizing of the charging-pile points. Tables 6 and 7 
Conclusion
The analysis of the indirect network effect is significant for the development of electric vehicles, which makes the most of the relationship between the base product and the ancillary product. By comparing the Q t and N t values in four stages between the general case with the case under the indirect network effects, we can find that, in general, the number of electric vehicles is decreasing while the number of charging piles is increasing. The reason for this difference is whether the market exceeds the critical equilibrium point, which determines the trend of market development. Therefore, it is of great significance to consider the indirect network effects for the development of electric vehicles. Taking different kinds of demand into consideration has practical significance, which is close to the real situation. On the part of the location, we pay close attention to charging-pile points, which are smarter and need less space than charging stations. In previous studies, the charging need occurring in a city is treated as point need while the need occurring between cities is regarded as path need. But this classification of demands is unreasonable, for the electric-vehicle drivers, the point need and path need are simultaneous. Therefore we treat the two needs as a whole in order to minimize the cost. There are different considerations for the two needs: for the point need, we calculate the search cost and ignore the waiting cost, while for the path need, we do the reverse. In the case study, taking Haidian district as an example, we analyse the layout decision for the four quarters in 2017, and find that the scales of the charging piles and electric vehicles are diminishing in the general situation, but the condition is reversed when the indirect network effects are taken into consideration. At the same time, we find that the indirect network effects have a positive impact on the charging-pile operator's revenue.
In this research we consider some special circumstances in Beijing, such as the license-plate lottery policy, which has geographical limitations. In future studies we will explore the general applicability of the model.
